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Stage 4 Algebra
Paper from Cyril Quinlan 15/11/01
- For Board of Studies
Relevant to the Draft Mathematics Syllabus
as on 11/09/2001
These ideas are now in the Syllabus.

e The problem with many current sequences for introducing
algebra is the expectation that beginning students can be
Introduced to algebraic symbolsby being asked to translate
generalizations in words to generalizations in symbolic form.

 There are many sources of evidence that convincingly show that
such a sequence is too harfor most students. (See Quinlan
2001; MacGregor and Stacey 1993.) This approach needs to be

changed



Paper from Cyril Quinlan 15/11/01 - For
Board of Studies
 What makes far more sense and has much better
outcomes Is t@pend time over the conventions
for using algebraic symbols for first degree
expressions, and

e situate the translation of generalizations from

words to symbols as aapplication of students’
knowledge of the symbol systerather than as
a lead-into the symbols system.

These ideas are now In the Syllabus.



Paper from Cyril Quinlan 15/11/01 - For Board of St  udies
These ideas are now In the Syllabus.

"¢
« The recommended stepdor moving into symbolic
algebra are to spend time on

« 1) The variable notion, associating alphabetic
symbols with a variety of variables;

e 2) Symbolism for avariable plus a constant
o 3) Symbolism for avariable times a constant
e 4) Symbolism forsums and products




Should avoid flooding
students’ brains with
symbolic conventions

Worksheet 3 Worksheet 3b
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e Research data show

—that very few young students succeed with a
progression

—from pattern generalisations expressed in
everyday language
— to expressing these in symbolic algebra



The following test item wasised in 1996 research projects

bv Mollie MacGreaor and bv Cvril Quinlan
The picture shows the lights on Christmas trees of differergizes. Complete

the table. Tree size > 13 |4 |5 6 110
Number of lights 13 117
/\
SIZE2 SIZE3 SIZE4
(a) How many lights would you need for a Size 16 tree?
(b) How many lights would you need for a Size 100 tree?
(c) Explain in words how you can work out the number of lights when

you KNnow the tree Size. .......coovvviiiiiiiiieeeeeeen,

(d) Use algebra to write an equation that relates the tree size
and the number of lights.[Usefor the tree size aml for the
number of lightS.] ......ccccoeiiiiiinn,




Comparison of percentages correct on items for equation-writing

Ouinlan 1996 (all Year 7 ) MacGreaor 1996

Concrete | Concrete | Patterns Total Year 8 Year 10 Year 10
ltem School X | SchoolY | SchoolZ | Year7 School A | School B
(d) 54 19 11 | 31 | 30 | 35 | 72

Overall, the younger Year 7 students in the Quinlan study approximately matcloe
the older Year 8 students in the MacGregor study.

# $ > $
ltem Comment Sﬁh:o%ISX Sﬁh:ogllY sﬁhf%z TCN)T:Aé_78
() | n=401| 17 4 7 28
) | Weair| 15 6 6 27
(d) | n=4+1 15 4 2 21
(C)+(d) | Pethrent | 13 4 2 19




Verbal before symbolic
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Of the 21 students who wrote the equation4s+ 1, 19 had

correctly described the relationship%eu multiply the size by 4
and add &or equivalent).

However, another 8 students correctly described the relationship
In words but were unable, at this early stage Iin their experience
with algebra, to translate this into a symbolic equation.



Patterns and Algebra
Stage 3PAS3.1a

Background Information

e This topic involves algebra without
symbols.

e Symbols should not be introduced until the
students have had considerable experience
describing patterns in their own words.
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The sample included 50 teachers and
their 1156 students

acrosH3 classe$rom Government schools,
private schools, church schools - Central schools,
large schools, city and countiNSW - plustwo
schools inVictoria, one Government and one
private.

All classes were fronYear 7, the first year of
Secondary School.



The st:

A NYVAVANERYVAVAVAN

1 upright triangle 2 linked upright triangles 3 linke d upright triangles

* Inthis pattern, how many sticks for 1 upright tria ngle? B
2 linked upright triangles? 3 linked upr ight triangles?
10 linked upright triangles?

(b) Write a sentence to describe to a friend how to work out the number of
sticks needed to build whatever number of linked up right triangles he
or she might thinkof.

(c) How many sticks would be needed to build K linked upright triangles?




tem | Pretes 1no;9 Postes ;6:8 ltjgstps 24:4
rght | % right % right %
10a v 355 | 35.2| 298 | 38.8 | 130 | 20.2
ﬁgﬁta” 343 | 34.0| 287 | 375 | 125 | 194
10bwords | 117 | 11.6 | 109 | 14.3 24 3.8
10c algebral 40 | 4.0 65 8.6 9 1.4
igrbr(f;;ggd 30 | 3.0 45 6.0 2 0.3

& right




Quinlan’s 1998 Research

with Year 7 classes In 23 schools

o Correctly described a geometric patternvords:
pretest 11.6%
posttest 14.3%

e Correctly described rule mlgebraic form:
pretest 4.0%
posttest 8.6%

« The persistence of the difficulties is shown by the fact
that success In the pretest did not ensure success In
the posttest:

Correct in BOTH tests: 3.8% verbal
1.4% symbols



Quinlan’s 1998 Research

with Year 7 classes Iin 23 schools

Significantly more likely to correctly give

rule algebraically if correct with:
Q. 7(b) What is the value of 2q-51if g = 9?
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Algebraic Techniques Stage £AS4.1
Background Information
The recommended approach is to spend
time over the conventions for using
algebraic symbols for first-degree
expressions and

to situate the translation of
generalisations from words to symbols

as anapplication of student®knowledge

of the symbol system rather than as an

iInfrodiiction fo the symhol svstem.
? 7 *

# 4565"
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School Certificate Year 10
(4-5- $!

| 666
02 #

« 1999: (81 000 students)
only 18% correct describing geometric
pattern in algebraic symbols



1988 SCEY =« MATHEMATICS » SECTION 2 FART B

DUESTION T4, (5 marks) - 7 '&l BOOAW
dm 6m 8m ";fr. {0

S 1L T Y sy

et L1998

S.C,

The diagramns show strips of land whaose length and breadrh each inereasa by 2 metres
from the previcus sizip.

The dots represent posts placed 2 mebhes apars, :
The rwnbers of poets needed to build fences avound the siips of land. form the

pafiern
f terATCT 610,14, ... |
& (a) Doaw the next stoip of kind o continue the pattern, clearly showing the posts.

714

(b Compiete tis sentence to describe the pakierm in words:

Lf-? r! Begirming with the Number 8, i e

[e}  Tlne many posts are needed for a strip of land whose longer side measunes
- 14 metres?
A8
"'?. T R

l:d_} How TOAY pOSE are needed for a E-tl'.llP‘ of land whaose 10115‘%."1' side migasires
/
1 5 ]

ke mwetres (where k is an even number)?

Astrip of Tand in this pattern needs a total of 58 posts.

(2l
, 7 ;/ Caleulate its aves,

{Memn mark [ o of 57

e Score | Percentage of i
candidzies
5 7
|45 8
T 13 i
s 24 i
T L :
TS 0

Genperd muments



Part (d) was found to be the hardestit asked for
the number of posts needed “for a strip of land whose
longer side measure& metres (wherek is an even

number)”. Only 15% were correct
The markers’ comments on 1998 Part (d):

“This part was quite difficult for many candidates
Many candidates gave a numerical answer

Some candidates wrote their answers around the wrong way,
l.e., p = k/2 + 1 or else gave their answer as a highly

complicated algebraic expression.”

(p.25, 1998 School Certificate Test Report Mathematics)



199 SC1 « MATHEMALICS ¢ SLCTTON S PARL B

§1 000 comitnt

I s place twa dots on each face of i cube there wall be 12 dols on the ooter surtoce,

(jj ?MO’ Nsw (999

S. Cert,

Cruestion &1 (5 marks)

Lf twer cubes are poined as Three cubes joined in
shivan, the mumber uf dols on Ihe same way will give
the auter surface will be 20, 2% dots,

7 correct

cat Foue cubes arc joined in e same way,

o many dols will There be on the caler surioce?

(L T

ik Find the toeal number of dols on the oater suefnee of seven cubes joined in the
STTE W

‘e Do many deds will theee be on the outer sutlace of B cubes joincd in the same
wWayT

cdd Lo mamy cubies, joined in the same was, are needed 3F e are to be 250 dols
Yy x| A
ust The outer surface?

Iind ol tesl



N.S.W. School Certificate Data 1999

 The percentage success rates were as follows
(@) 66% (b) 53% (c) 18%.
The examiners’ comments about Part (c) read:

— “Most candidates found this part very difficult, and
did not seem to understand what was being asked
of them. The concept of an algebraic expression
seemed to have eluded these candidates, with
comments like ‘what is n?’ “

(p.44, 1999 School Certificate Test Report)



Geometric patterns

 New NSW Syllabus (2002) recommends:

—determining a rule in words to describe
the pattern from the table

—this needs to be expressed In function
form relating the top-row and bottom-
row terms in the table



Patterns and AlgebraStage 3PAS3.1a

Records, analyses and describes geometric and number
patterns that involve one operation using tables and words

/ " |
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Line of Squares Pattern

as shown by Year 7 Gl|r0§/ College, Castle Hill
students mvestlgatlng THIS pattern in Oct., 1985

The number of sticks always equals 1 more than ...

GInda’sgrOUp I_I I I_I_I_I_I

g[& I Qm!é = 5rt£: rumhr;-ﬁw -:L«:L add. [

?fa.afdgﬂw CoderLofion %%m
3 Sx 34l=9¢l=yp 1O
iy Sx b | = 124113 13
1¢ Suitel =20 e 3/
101 Sx 102 ] =~ 306+ = 307

The number of sticks always equals 1 more than 3 times the number of boxes



Line of Squares Pattern
The number of sticks always equals 4 more than ...

Kara’s Group

oo’ 5
P P W R T P R v R s e A
-,r‘--"n':-”_E o e o o
Mz, of
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EHeowaorss, o LI B S et tad ot =
2 |- od [ 10
fovilms 3 = G i
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~ 3ot T SO
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The number of sticks always equals 4 more than
3 times 1 less than the number of squares



Algebraic TechniguesStage 4PAS4.1

Uses letters to represent numbers and translates between
words and algebraic symbols
Background Information

* Itis important to develop an understanding of the use of letters
as algebraisymbols for variable numbersof objectsrather

than for the objectsthemselves.

Knowledge and Skills

Students learn about

e using letters to represent numbers and developing the notion
thata letter is used to represent a variable

o "5
4(4: $#



Algebraic TechniguesStage 4PAS4.1
Knowledge and Skills

using concrete materials such as cups and

counters to model.

- expressions that involve a variable and a
variable plus a constant eg a2, i +1

- expressions that involve a variable multiplied
by a constant eg 2. A

- sums and products eg  da +1, Az +1)
- equivalent expressions such.as

- and to assist with simplifying expressions, such

> @ +2)+Hida+d=ia+da)+{2+3)
=42 +5



Algebraic TechniguesStage 4PAS4.1
Knowledge and Skills

e using concrete materials such as cups and
counters ...

? 7
# - 8)- g
%"8C-'985

$
8  4565"



Algebraic Techniques Stage #£AS4.1
Background Information

The recommended approach is to spend
time over the conventions for using
algebraic symbols for first-degree
expressions and

to situate the translation of
generalisations from words to symbols

as an application of student8knowledge of
the symbol system rather than as an
Introduction to the symbol system.

? [/ 7
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NSW Syllabu

- Quadrilaterals

Rectangles

s 2002 Quadrilaterals

Trapeziums

$ <%
$ $<?
E

>
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A study of 9 textbooks since 2002, showed
ONLY ONE had this “new” definition

C5/%"5C!8 4 &
57 #
4:::7G94 8+5%C 85H8G--I<



Quinlan Research with
participants
from THREE countries

During 199Q 517 studentan Years 7to 12 in
four Australian schools.

Average age 14.11 years.
Follow-up interviews 1990-1

Mid-1997and early 1998 184 studentsfrom
two Form 4 classes, a Form 3 and a Form 2 In

Manila, Philippines.
Average age 15.68 years



Research participants:o

2 #
B3 % 4
A

?2 $9% <1 <

March 2002 undergraduatesin
preservice secondary maths:
15 Australian students
Average age 23.11 years

26 Fiji Islands students
Average age 20.37



Scales established

$

More representative of students'
cognitive processes than single items
A gain in reliability by combining scores
on several items into one scale score



Comparison of total test scores

N | Mean | S.D. | Lowest | 1st | Medi | 39 | Highest
score |quar| an |quart| score
tile ile (/64)
Aust. Sec. | 517 |30.06 |14.16 | 1.0 18.0 | 30.0 [ 42.0 | 60.0
Phil. Sec. 184 |34.69 |11.75 | 5.0 27.0135.0 |44.0 | 58.0
Fiji Is.Sec |205 |13.75 |7.97 1.0 7.0 |13.0 |18.3 | 36.5
Aust.Und. |15 51.87 |5.19 44.5 49.0 | 52.0 [53.0 | 62.0
Fiji.Und. 26 32.42 (9.10 16.0 25.9 131.8 [39.5 |49.5
8 B3 % $
# #
# # ?
$ # $ <




Variables notion and overall test score:
Correlations positive and significant

VBL Scale
SCALE Research || riasLes view
inti sample
DeSC” pthn p Values include zero,
fractions, negatives
AUST secondary 756 *** (407)
COrreCted PHIL secondary 704 *** (165)
TEST F1JI secondary 438 *** (138)
FIJI undergraduate 620 **  (25)
TOTAL F1J1 all 635 = (163)
AUST undergraduate 564 *  (15)
JJJ £ < JJ < K £ < J< K £ <
8

$ # <




% # 7 L

StudentR’ Year 7, aged 12 yrs 7 mths after Test 4
Q.15 re atb+c = at+x+c
R: | said it was true only whem= x
E: You were pretty fast on that. How did you know that?

R: Um [Pause] If they all equalled together ... since there
was arnta’ in both, ac’ in both, but one had‘e’ and one
had anfx’, | worked out that they were both the same.

E: That's pretty easy, isn’t it? That's a good way to do it, I'd
say.



% # 7 L
% #*# 0 $
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Student S Year 7, aged 13 yrs 1 mths, after Test 3

Q.5 In a football match, one team scongdpoints and the
other scoredr points. How many points altogether were
scored in the match?

E: How would you work out the total number of scores?

S:You can't.

E: Why can’t you?

S: Because you don’t know what is and you don’t know
what'r’ is.

E: But if you did know, how would you work it out?

S: Then you could add them up.



%
%

# 7 L : & O
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E: Right. Can you add up’ and‘’r ? ... How
would you write down “adg andr” ?

S:You just putp + r', and you put the equals,
and [Pause] like you've got,jif = 5 andr =
10you can putp + r =15’

E: Now, see [Pause] You're at a difficult stage.

You've understood that the letters stand for
numbers.

S:Yes.

E: But you are not ready to sqy+ r’ is the
answer?

S:No, because | ...



Numbers view and overall test score:
3 correlations positive and significant

SCALE Research sample Corrected

Description TEST TOTAL
NBR Scale AUST secondary 353 *** (461)
NUMBERS View | PHIL secondary 351 *** (129)
Letters for FIJI all .288 ** (182)
nos. of objects | AUST undergraduate | N.S.
|/ people
JJJ £ < JJ < K £ < J< K £ <

The greater a student’s inclination to select a number view

of algebraic symbols, the greater Is the chance that the
student would score strongly overall.



% #7 L@
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Year 7 student,'M’ , after Test 4

E: Q.6‘c +d = 10".What are some meanings that’
could have?

M: | think 3, 10. Because the only ones ... it has to be
plus ... soit's either3+7 .. Or10 + 0.

Aha. And did you like any of the other choices like
“an object like a pear”?

: No.
Don't like that one?
. No, they didn’t make any sense to me.

What do you think the letters stand for in algebra,
generally?

M: Any number: You just don’t know which one.
Righto.

I

m<Sm<

I



Objects view and overall test score:
3 correlations are negative and very significant

SCALE Research sample Corrected
Description TEST TOTAL
OBJ Scale AUST secondary - .244 *** (476)
OBJECTS View | PHIL secondary - .236 *** (180)
Abbreviated words; | FIJI all - .250 *** (217)
Letters for objects/ | AUST undergraduate | N.S.
people
JJJ £ <

The objects view was seen as a likely hindrance to
scoring wellon the variety of tasks spread
throughout the test.



% # 7 Ll
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Year 7 Student B’, after Test 4
Re Q.6'c+d =10..

B: Um ...‘'c’ could have any number less than 10, or it
could have 10, becau&E could equal O, and it could
be “the number of apples in a box”, and it could be “an
object like a cabbage”, and “an object like a pear”,
becausec’ can have the value of anything.

E: ‘c’ could just be anything?
M: Yes.

E: What would you mean B¢’ could be “an object like
a pear”? What are you thinking of?

M: Well, just‘c’ could be an object, just like that.



Numbers view and variable view:
3 correlations positive and significant

SCALE Research sample VBL Scale

T VARIABLES VIEW
Descrlptlon Values include zero,
fractions, negatives

NBR Scale AUST secondary 281 *** (385)
NUMBERS VIEW | PHIL secondary 217 * (124)
Letters for FIJI all 274 ** (152)

nos. of objects

AUST undergraduate | N.S..
|/ people

The more clearly students see algebraic symbols as
representing numbers rather than objects, the more
likely it is that they will develop the desirable
understanding of symbols as numerical variables.



Objects view and variable view:

4 correlations negative and significant
SCALE Research sample VBL Scale
T VARIABLES VIEW
Descrlptlon Values include zero,
fractions, negatives
OBJ Scale AUST secondary - .239 *** (386)
OBJECTS VIEW PHIL secondary -.230** (166)
Abbreviated words; | FIJI all -.178* (156)
Letters for objects/ | AUST undergraduate [Spearman]
people -.610* (15)

The more the students thought of algebraic symbols as

standing for objects or people rat
of these, the less likely were t

ner than for numbers
ney to regard the

symbols as representing num

pers that can vary



Important finding
from Cyril Quinlan’s
PhD study (1989 — 1992).

DI'he major challenge for secondary students to
appeared lie in developing the concept of a
numerical variable.F

Quinlan, C. (1992) Ch. 10, p. 342.

DMthe most challenging(level of understanding) being the
recognition that symbols could be regarded as numerical
variables, in the sense of a species or class of number
representing Mimultaneously yet independently, many
different numbersO(Wagner, 1983, p. 475k (p. 342)



D-

from Cyril Quinlan’s PhD study:

# #9$ 9
$ E # 0%
# * %
# <

The category ofgeneralized numberwas found to border
more closelyon the variable categorythan on the less
challenging outlook which led to the replacement of symbols
by specific sample values.

The use of replacementsvas found to bebeneficial in the
learning continuum. It appeared to bea short-lived stageas
very few of the participating students gave written
responses in this form although, as interviews suggested,
others usedtrial examplesduring test session$o help them
arrive at general algebraic answerd=(p. 342)



from Cyril Quinlan’s PhD study:
[At the lowest cognitive levelvere a variety of
categories of misunderstandings about symbols and
conventions for their use, such adenying them any
variation, removing them bysubstituting arbitrary
numerical values, and regarding them as
representations ofobjects or people rather than
numbers of objects or peopld:-(p. 342)

5 $

) & I"UHS% &' & "



Students should spend time on
developing the skill ofalking about
numbers in a general way- In cases

where you do not need to know the
actual values of the numbers

Examples:

If you multiply any whole number by 10,
the answer ends in 0.

If you multiply any whole number by an even number,
the answer Is an even number.



New NSW Syllabus (2002 PAS4.1)
recommends:
Considerable time needs to be spent
manipulating concrete materials, such as

e CUpPS and counters

1) The VARIABLE NOTION

— Number of letters In first names

— This is a VERY suitable example as students can
take turns saying their names and the number of
letters needed

— AND they could show how that number of counters
put into a transparent cup.






New NSW Syllabus (2002, PAS4.1) recommends
that time be devoted to:

2) symbolism for a variableplus a constant
Who has used the model correctly?

Rebecca

Mrs Richardson modelling X + 3 Marayong Dec., 1993

with X =4 X =3 X

[
-
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New NSW Syllabus (2002, PAS4.1) recommends
that time be devoted to:

3) symbolism for a variable times a constant

Who has used the model correctly?
Shona, Samuel, Samantha, and Stuart built 3S in different ways.

Samuel

NOW is time to revisit patterns with a succession of
separate images, leading tthis type of generalisation



New NSW Syllabus (2002, PAS4.2) recommends:

describing the rule in words, replacing the varying
number by an algebraic symbol

e.g.
"The total number of sticks equals three times the number of triangke’

Discuss which of the following answers is/are correct.

(1) Joannewrote:

(a) 'The total number of sticks equals three times the number of
K,
(b) 'Here K stands for TRIANGLES.'

(i) Jeremy wrote:

(a) 'The total number of sticks equals three times K/,

(b) 'Here K stands for THE NUMBER OF TRIANGLES.'
(iii) Jonahwrote:

(a) 'The total number of sticks equals three times K/,

(b) 'Here K stands for STICKS.'

Jeremy



New NSW Syllabus (2002 PAS4.1) recommends:

“the translation of generalisations from words to symbols aan
application ofstudents’ knowledge of the symbol system”

"The total number of sticks equals three times the number of triangke’

8 <4 ——————=—==
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New NSW Syllabus (2002 PAS4.1) recommends
that time be devoted to:
4) symbolism forsumsand products

New NSW Syllabus (2002 PAS4.1)
recommendsthat students learnabout:

Recognising and using equivalent
algebraic expressions



Cups and counters are MARVELLOUS for
EQUIVALENT EXPRESSIONS:

Just “rearrange the furniture!”
Year 7 students rearranged the furniture at
Holy Family Catholic College, Marayong Dec., 1993 and
quickly showed that y+4 + y+6 = (y+3) + (y+7) =
(y+5) + (y+5) = 2(y+5) = (2y+5) + 5 = (2y+2) + 8 = (2y+3).+ 7

Here they are showing that (y +4) + (y+ 6) =2 lotsof (y +5) =2 (y + 5)



Now Is the time to return to the more complex
generalisations made earlier about patterns and
translate them into symbolic algebraic form

e.g. Line of Squares Pattern

Glenda’s group. The number of sticks always equals
1 more than 3 times the number of boxes

The number of sticks always equals
1 more than 3 times kwhere k = the number of boxes

N =1+ 3k where N = the number of sticks, k = the number of boxes

Kara’'s Group: The number of sticks always equals
4 more than 3 times 1 less than the number of squares

The number of sticks always equals
4 more than 3 times 1 less than k,where k = the number of squares

N =4+ 3(k—-1) where N = the number of sticks, k =the number of squares



My HOPE is that
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My HOPE is that
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Br Cyril Quinlan, ACU



My new contact addresses:



