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Mathematicians as Problem Mathematicians as Problem 
SolversSolvers
• The most important real life skills are in problem 

solving – meeting unforeseen situations
• Mathematical problem solving has abstract 

reasoning which generalises.
• Mathematics students are recognised by 

employers for this and get jobs.
• Important to extend scope beyond mechanical 

parts of normal syllabus.



ICMI Study 16ICMI Study 16

• “Challenging Mathematics in and beyond 
the Classroom”

• Now past closing date but progress can be 
monitored at www.amt.edu.au/icmis16.html
(or Australian Mathematics Trust web site 
then “Links” )
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Beyond Normal Syllabus Beyond Normal Syllabus 
Mathematical Topics can includeMathematical Topics can include

• Diophantine Equations
• Pigeonhole (Dirichlet) principle
• Counting: inclusion-exclusion, derangements, 

necklace, etc
• Proof: induction, contradiction, etc
• Invariance
• Discrete optimisation
• Geometry: lines and circles, transformations



Presentation of these TopicsPresentation of these Topics

• Mostly beyond the syllabus, so often 
beyond the classroom

• Competitions can give experience
• Books, other resources



IcecreamsIcecreams

� AMC 2003 J.20 60%, I.11 78%
� Natasha buys 4 double icecreams and 2 

single icecreams for $16. The next day 
she buys 2 double icecreams and 4 
single icecreams and pays $14. The 
cost of a single icecream is                                      
(A) $1.50  (B) $2  (C) $2.50 (D) $3          
(E) $3.50



Icecreams Icecreams Solution 1Solution 1

� Let the cost of a single icecream be $x
and that of a double be $y. Then we 
have 2x+4y=16 and 4x+2y=14. The first 
equation is equivalent to 4x+8y=32 and 
subtracting the second from this gives 
6y=18, or y=3, hence (D).



Icecreams Icecreams Solution 2Solution 2

� Simply note that the double icecreams 
each add a dollar to the cost. So y=x+1 
giving either 6x+4=16 or 6x+2=14. 
Either way x=2 giving y=3, hence (D)

� There are a number of ways a student 
can manipulate to this solution without 
formal knowledge so these questions 
are useful for building mathematical 
structure in the class.



SocksSocks

I have four pairs of socks to be hung out side 
by side on a straight clothes line.

The socks in each pair are identical but the 
pairs themselves have different colours.

How many different colour patterns can be 
made if no sock is allowed to be next to its 
mate?



Socks Solution 1Socks Solution 1



Socks Solution 2Socks Solution 2



Socks Solution 3Socks Solution 3



Socks Solution 4Socks Solution 4
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Socks Solution 7Socks Solution 7



DominoesDominoes

� In an 8 by 8 chess board the top left 
hand and bottom right hand square are 
removed, leaving 62 squares. Is it 
possible to place 1 by 2 dominoes on 
this remaining board so that every 
square is covered exactly once?



Dominoes SolutionDominoes Solution

� The two squares removed are of the same 
colour

� Each domino must sit on a black and white 
square

� There is not an equal number of black and 
white squares to place the dominoes on.



Roads (AMC 2004 S16 70%)Roads (AMC 2004 S16 70%)



Roads SolutionRoads Solution

� Optimality: We need 19 roads to keep all 20 
cities connected. Start with the 20 cities as 
isolated points and add connecting roads one 
by one. The number of isolated parts 
decreases by at most one for each new road, 
so 19 roads are needed.

� Sufficiency: see diagram on next page. It 
shows that all 20 cities can remain connected 
while 12 roads are closed, hence (B).





Road Routes 2003 J.30 18%Road Routes 2003 J.30 18%

3 2003 J.30 (18%), I .26 (21%), S.21 (30%)

What is the largest number of cars which can leave in some order from
P and arrive in the reverse order at Q if movement is allowed only from
left to right and no car can pass another as the roads are too narrow?
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(A) 6 (B) 5 (C) 8 (D) 4 (E) 7



Road Routes Solution 1Road Routes Solution 1



Road Routes Solution 2Road Routes Solution 2



Hexagons 2003 I.24 19%Hexagons 2003 I.24 19%

5
A regular hexagon is formed by three congru-
ent pentagons as shown. What is the min-
imum number of these pentagons needed to
form a regular hexagon larger than the one
given?

(A) 5 (B) 7 (C) 9

(D) 11 (E) 16
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Hexagons Solution 1Hexagons Solution 1

5 2003 I .24 (19%)

We can construct another regular hexagon by
placing 6 more pentagons around the origi-
nal hexagon as shown. This gives a regular
hexagon using 9 of the congruent pentagons.
We need to show that there can be no other
regular hexagon with less than 9 and more
than 3 of the congruent pentagons.
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Hexagons Solution 2Hexagons Solution 2



Hexagons Solution 3Hexagons Solution 3
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Hexagons Solution 6Hexagons Solution 6



Hexagons Solution 7Hexagons Solution 7



Hexagons Solution 8Hexagons Solution 8



Checker gameChecker game

On an infinite squared sheet six squares are shaded 
as in the diagram. On some squares there are 
pieces. One can at any time make the following 
“move”:



Checker Game (cont)Checker Game (cont)

If the neighbouring squares to the right and 
above a given piece are free the piece can 
be replaced by two pieces on these 
squares.

The goal is to free the shaded area of squares.
Is it possible to do this if we start with
(a) All six shaded squares occupied?
(b) Just the bottom left occupied?



Checker Board: SolvingChecker Board: Solving



Chess TournamentsChess Tournaments

There are 101 chess players participating in 
several tournaments (in a tournament each 
player meets each other exactly once).

There is no tournament in which all 
participate and each pair of players meets 
exactly once overall.

Prove that one player participates in at least 
11 tournaments.



Chess Tournaments: SolvingChess Tournaments: Solving

• This solution is easiest if we assume the 
result to be false and obtain a contradiction.

• The proof also involves the pigeonhole 
theorem.



Chess Tournaments: Solution 1Chess Tournaments: Solution 1

Assume all players play ten tournaments 
or less.

Consider one of these players. Since he 
plays 100 players in 10 tournaments or 
less there is, by the pigeon hole 
theorem one tournament where he 
meets at least 10 players.



Chess Tournaments: Solution 2Chess Tournaments: Solution 2

Consider another player who is not in this 
tournament.

He must play all the players in this 
tournament in different tournaments or a 
pair from this tournament would 
otherwise meet twice.

Then that player must have played in at 
least 11 tournaments. Contradiction.


