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Curves from lines

Can you draw a circle using
only a ruler and a pencil?




Mark a dot on the page.

 Place your ruler so that the dot is just visible on one side of it;
then, holding the ruler firmly, draw a line on the other side of it.
* Move the ruler slightly and again follow the previous
Instruction. Do this many, many times.

e Continue to move the ruler slightly until it has turned in a
complete circle around the dot.




Can you draw a parabola using a
ruler and a pencil only?

parabola




Draw two intersecting equal lines.

On each one, mark and number points the same distance
apart, with the numbers running in opposite directions.
With your ruler, join 1 to 1, 2 to 2, and so on, on all
corresponding numbers.

The resulting curve is called a parabola.

The closer the points and the more you have, the smoother will
be your curve.




Drawing curves from a circle
The 36 points on the circumference of this circle carry the
numbers 1 to 72
In a double row so that each point has two numbers, the inner
line numbering 1 to 36 and the outer 37 to 72.

With coloured
pencils (or pens),
create different

circle patterns by
drawing a straight
line:




Join a line between each number and the number that is 8 units
more—
for example, join 1t0 9, 2to 10, 3to 11, and so on till 64 to 72.
then join a line between each number and the number that is 12
more, and then the one that is 16 more.




Using other copies of this circle, join each number to the
number that is twice (double) itself, so that you join 1 to 2, 2
to 4, 3 to 6 and so on. The resulting shape is called a
cardioid.







Knight's tour

A knight in chess moves in an L shape. Either two squares up or down
and one to the right or left, or two squares to the right or left, and one
up or down. So a knight in the centre could move in any of the
directions shown in the diagram.




Take the knight on a tour of a 5 x 5 square.

Start by drawing the boundary of a 5 x 5 grid on squared paper.
Label the starting position ‘1’ and the position after the first jump ‘2’.
Every jump should be labelled.

Try to complete the tour, looking for strategies that will take in the most
squares.




One of many possible solutions to the 5 x 5 knight’s tour




Now try to take the knight on a tour of a
chessboard, landing on every square only
once, starting in the corner position, on the

right.




One of many possible solutions to the 8 x 8 knight’s tour




Happy numbers

*Choose a two-digit number.
eSqguare each of its digits and add the two squares.

eSqguare the digits of the result and again add the
squares.

*Repeat the process.
*Keep going until:
—a youreach 1; or
—b  you find that the numbers are repeated in a cycle.

o|f 2 sequence reaches 1, the original number is called
HAPPY.

|f It does not, It is called SAD.




Here Is an example;




Happy numbers
You might find it easier to set out your work like this:
23 —4+9=13 1+9=10 1+0=1

* Since 23 is happy, what can you say about 327

* From the example above, what can you say about
13 and 107

* Which numbers between 2 and 50 are happy
and which are sad?

* Can you predict (with no working) which numbers
will be happy and which sad?




Happy numbers SOLUTIONS

32 is also happy.

Since 13 and 10 also reach 1, they too are happy.

HAPPY: 7, 10, 13, 19, 23, 28, 31, 32, 44, 49
SAD: all other numbers

Since 4 is sad, so Is 40; since 3 is sad so is 30.

Since 42 Is sad, so Is 24: any 2-digit numbers
consisting of identical digits reversed are the
same type.

Once we enter a cycle that we know will be sad,
It IS not necessary to continue.




Triangular numbers




When the Friendly Society meets, the members all shake hands.
How many handshakes are exchanged?
Complete the table on the right. Have you spotted the pattern?
If 55 handshakes are exchanged, how many members are at the
meeting?




In each diagram, how many lines are needed to join each
point to every other point?




How many triangles?

What is the total number of triangles formed? Remember to count the
triangles systematically in each case: first, single; then double; then
triple; then more than three, as needed in each case.

Can you predict the number of triangles there will be after 8 folds?




Pascal’s Triangle

 What patterns can you find?
e Can you continue the pattern for a few more rows?

1

1 21
1331
14641

1510 1051
16 15 20 150 1




How many routes?

One downward path from P to Q is shown in this
figure.

How many others can you find?




How many routes?







Fibonaccl numbers

In the sequence, each term after the second is the sum of
the two previous terms:

1,1, 2,3,5,8, 13, 21, 34, ...

The sequence of Fibonacci numbers occurs in nature.
The spirals of sunflowers and pineapples and the petals of
many flowers follow this pattern.

Find some examples of these yourself.

The sequence has some fascinating properties.




Fibonaccl numbers

Consider three consecutive Fibonacci numbers: for
example:

a 3,9,08 52-8x3=25-24=1

b 8,13, 21 132-8x21=169-168=1

c 13,21, 34 13 x34—-212=442-441 =1

Notice how c differs from a and b.

Try some examples yourself and express your findings in
words.




Spirolaterals

Spirolaterals are patterns traced on grid paper.
Imagine that a worm is programmed to crawl
around a rectangular grid according to given

Instructions.
The worm can repeat the programmed sequence
as many times as it likes; however, it must turn
right after each movement.




To draw a pattern, you start at a point and face ‘north’, or up.
For the sequence (1, 2, 3):
 move 1 unit forward, then turn right;
* move 2 units forward, then turn right;
 move 3 units forward, then turn right.
Continue to move first 1 unit, then 2, and so on until you have
formed the figure shown next to the example.




Note that some spirolaterals, such as the
sequences (1, 2, 3) and (2, 3), are closed, while
others are open, like (1, 2, 3, 4).




Spirolaterals have some fascinating

properties:
The questions below may be helpful to you in identifying
properties.
a What sort of patterns are formed by sequences of:
| 2 terms?
Il 3 terms?

Il an odd number of terms?
IV 4 terms?
vV 6 terms?
Vi 8 terms?
b What happens to the geometrical pattern if you multiply
all the terms in a sequence by the same number?







Find my rule

« Complete the table

[] /7 |1
A 12 |6




Find my rule

nlete the table

6 |1 |8

A492




Find my rule

« Complete the table

6 |3

A 13 |7




Find my rule

« Complete the table

6 |3

A 37 |10




Amazing mathematics

Think of a number.
Add 6.

Double the result.
Take away 4.
Halve the result.

Take away the number you first thought of.
Try this with different numbers. What have you found?




Mathematical curiosities
Think of a number.
Multiply it by 2.
Add 5.
Multiply by 5.
Subtract 25 from this result.
Divide by 10.
Try this with different numbers. What do you find?




Billiards

A standard billiard table is about twice as long as it is wide, but you will be
concerned with tables of rather unusual dimensions and with pockets only
at the corners.

If a ball is hit from corner A at an angle of 45° to the edge of the table, all its
rebounds will be at 45°. Eventually it will reach a second corner, and stop.
The challenge in these exercises is to draw the path of the ball on tables of
different sizes and to determine into which corner pocket it will fall.

It always starts in the lower left-hand corner and travels at an angle of 45°.




Draw a diagram to illustrate each table-size
given below, labelling all the tables you

draw.

alx3 b5x1
d7x3 e’/ x5
go6x1 h4x3

]6 %5 K7 X2
m3x4 n7x6
P2x4 g4 x4
S6x2 t12 x8
Draw the path of each ball.

c5x3
f2x5
| 2 X 3
| 5x8
05x12
rex6




Look carefully at all your drawings.
By making a generalisation, predict into which pocket
the ball will fall if the table is:

a odd by odd (e.g. 3 x1or7 x9)

b even by odd (e.g. 4 x 3)

c odd by even (e.g. 3 x 4)

d even by even.

Consider the ‘reduced’ table in each case: the ‘reduced’ size corresponding
toa4 x 4 table willbe 1 x 1 and to a 12 x 8 table will be 3 x 2.

Answers

a upper right

b upper left

c lower right
d If the table is even by even, the dimensions can always be
reduced, and the reduced form should be used to work out into
which pocket the ball will fall.




Investigate the number of times the ball
hits the sides of a table before it falls into a

cornetr.

Note that the first and the final corner positions do not count
as ‘hits’.

Answer
The number of times the ball hits the side of the table
will equal the sum of the length and the width, minus 2.




Tessellations

Extend each of the following tessellations for the rest of the line.
Colour in your basic shapes carefully using two or four colours.




Tower of Hanoi

This problem was invented by Edward Lucas in 1883.

Three pegs are fixed to a board. On one peg there are a number of discs
of various diameters; the largest is at the bottom and the smallest at the
top. The challenge is to transfer the set of discs—in as few moves as
possible—to one of the other pegs in such a way that the final
arrangement is the same as the original.

Rules:

e You are not allowed to place a larger disc on top of a smaller
one

e YOUu may move only one disc at a time.




Tower of Hanoi




Polyominoes

Polyominoes are shapes made by joining identical (congruent) squares
together, edge to edge.

Note: Turning (rotating) or flipping (reflecting) these shapes does not
Increase the number in the family of polyominoes.
These shapes are considered to be identical.




Also note that every square must have at least one side
touching a side of another, so these figures are not
considered to be triominoes:










A hexomino Is formed by joining SiX squares.
There are 35 different hexominoes.

You may be interested to know that there are:
a 108 heptominoes (7-square polyominoes)!

b 4466 dekominoes (10-square polyominoes)!




Amazing graphs
Carefully copy the shape of the dog on the grids below.




Investigating magic squares

A square is said to be magic when the numbers in all
horizontal, vertical and diagonal lines have the same sum.
This Is an example of a magic square.

It has a magic sum of 15.







Investigate what happens to the
example square when you:

e subtract 1 from each number;

* multiply each number by 2, 3 or 5;
e divide each number by 2.

Is the square still magic in each case?

Can you find the rule between the centre
number and the magic sum?




Number squares

Find the value of the letters A, B, C, D, E and F In these
sguares.

The sum of each row and column is given, and only the
numbers 1, 2, 3, 4, 5 and 6 have been used.
Starting with the value of one letter given for each square,
work out the value of the other letters.




Find the value
Find the value of the letters A, B, C and
D In this square.




Goldbach’s conjectures

Goldbach’s first conjecture was that
‘every even number greater than 4 is the sum of
two prime numbers’

forexample: 14=3+11o0r14=7+7

Express the following even numbers as sums
of two prime numbers.




Goldbach’s conjectures

Goldbach’s second conjecture is that ‘every odd
number greater than 7 is the sum of three prime
numbers’

for example: 13=5+5+30r13=3+3+7

and for fun we can write the second of these as a
diagram, as shown here.

Express each number in these diagrams
as the sum of three prime numbers.

Write any further solutions you can find.




Mathematical shortcuts

To square a number ending in a 5, multiply the
number consisting of the digit or digits in front of the 5

by ‘the number itself plus 1’ and write 25 at the end of
your answer.

65 x 65 =6 x 7 (hundred) + 25
= 4225

115 x 115 =11 x 12 (hundred) + 25
=13 225




Mathematical shortcuts







Using this method, find the sums of the
following numbers,




Clock arithmetic

Sharon and Danny made a clock like the one shown above,
using only the numbers O, 1, 2 and 3.
Then they decided to investigate the special kind of arithmetic
that would result from using this clock.
For addition and multiplication, all movement was clockwise.
3+ 1meant ‘Startat3and move 1'. S03+1=0
2 x 2 meant ‘Start at 0 and make 2 moves of 2’. So 2 x 2 = 0.




Complete the addition and multiplication
tables for Sharon and Danny’s clock.
We are in fact working in mod 4, i.e. the
arithmetic of the remainders, when a
number Is divided by 4




Danny and Sharon have been very busy and have
now constructed these clocks.
Draw up an addition and a multiplication table for
each clock.




Different Bases

Studying other bases provides an excellent stimulus for
enrichment as it contributes immeasurably to the
Internalization of our own numeration system.

is a humber written In base 6 and its value Is
6

36°+2  6+1




Different Bases

Convert the following numbers written in the base indicated
to decimal number

1101, =1" 2°+1" 2°+0" 2+1=13

2121, =2" 3 +1" F+2° 3+1=70




Different Bases

Decimal

54+9+6+1=70

81+9+6+2=98

20
31
50




Different Bases




Do the following additions in the base indicated.




Four 4s problem
Using the digit 4 exactly four times in each
sentence together with the mathematical symbols
+, —, X, +, () or, write mathematically true
sentences for as many of the numbers from O to
100 as you can.

« Example: 10=4 4+\/Zﬁ

e For most of these numbers there are several solutions.
e Hint: the following may be useful:




Using four 7@ and mathematical
symbols we can write numbers.

Some examples are;
2:(7+\/7' ﬁ), I

20:1+1
X X

a=17_7
7

Write the following numbers using four 7® and
mathematical symbols;

11= 30=

70= 78=







Strange maths symbols
You are familiar with the symbols +, —, x and +. Now
suppose that on a faraway planet mathematical symbols
are quite different.




Strange maths symbols
In these exercises, new symbols have been
Introduced. First find the rule and then the missing
value in each exercise.




Power cycling

Start with 2 and consider the sequence of numbers
obtained by successive multiplication by 2.

The unit digits form a pattern
of repeating cycles.




Investigate the patterns of unit digits of
powers of
3,4,5,6, 7,8 and 9.
Draw the repeating cycles for each one.




Repeating cycles
If you start with 3 and keep doubling, you will get the
sequence:
3, 6,12, 24, 48, 96, 192, 384, 768, ...
If you then write down the unit digits of this sequence, you
will have:
3,6,2,4,8,6,2,4,8, ...
The repeating cycle for this sequence.




Repeating cycles
If you start with 4 and write down the multiples of 4, you will
get the sequence:
4,8, 12, 16, 20, 24, 28, 32, 36, 40, 44, ...
Draw the repeating cycle for the unit digits of this sequence.




Each of the following starts with a true statement.

Then at some stage, It becomes false.

Find the flaw In the following mathematical
fallacies.

a=>b

az=ab multiplying by a

aZz-b2=ab-b? subtracting b?
(a-b)(a+b)=b(a-b)

at+b=Db dividing by a- b

b+b=Db substitutinga=»>b

2b=Db

2=l dividing by b







Further fun and recreational
ideas

e Games ;
—Nine —men Morris,
—Dimensions,
—Sprouts
—hex

* Mobius strip,
* The Pigeon-Hole Principle




Most of this presentation was taken from

“‘enrich-e-matics” Books 3to 6
oy Anne Joshua

Pearson Education Australia

“Enrichment Maths for Secondary School
Students”

by Anne Joshua




